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An exact solution for the linearized multifrequency

radiation diffusion equation (U)

A. I. Shestakov and J. H. Bolstad

LawrenceLivermoreNationalLaboratory

An exactsolution,basedonFourier andLaplace(FL) transforms,is
developedfor a linearizationof thesystemmodelingthemultifrequency
radiationdiffusionandmatterenergybalanceequations.Themodeluses
an idealgasequationof state. Opacitiesareproportionalto theinverseof
thecubeof thefrequency, therebysimulatingfree-freetransitions.The
solutionis obtainedin termsof integralsover theFL coefficientsof the
initial conditionsandexplicit sources.Resultsarepresentedfor two
specialcases.(1) Nosources,initially cold radiationfield,anda localized
matterenergyprofile. (2) Initially coldmatterandradiationfieldsanda
sourceof matterenergy extendingoverfinitespaceandtimeintervals.(U)

1. Linear test problem
We presentasolutionfor a linearizedsystemmodelingmultifrequency radiation

diffusion.Webegin with thenondimensionalmultifrequency radiationdiffusionequations
derivedby Hald andShestakov (H&S) [1] to which weaddexplicit sources% . If the
frequency coordinateis discretizedinto & groups,')(+*-,�./*102.�343435.6*87:9
andtheH&S equationsareintegratedover thefrequency intervals,see[2], oneobtainsthe
following systemof &<;>= equationscouplingthe & radiationenergy densities?$@ ,AB( = 9434343C9 & , to themattertemperatureD ,E1F ?$@ ( G @ E1HIH ?$@J;LKM@ND6OP?$@�Q G @J;R%S@ 9 [1]T E1F D ( O"DU; 7V@XW 0 ?$@YQ G @
;R%[Z 3 [2]

Equation(1) represents& equations;eachsimulatingthetransportof theradiationin theA
–thgroup.In (1)–(2),

G @ (<\*^]@ , where
\* @ is agroup’s representative frequency, satisfying* @I_ 0#.`\* @ .�* @ 3

Equation(1) showsthat ?$@ diffuseswith adiffusioncoefficient
G @ . Additionally, ?$@

undergoesabsorptionat therate
G _ 0@ while KM@ND is therateof energy thatthe

A
th group

receivesfrom thematter. TheemissioncoefficientKM@ 3(�a�b�ced O * @I_ 0 QfDhgJO a�biced O * @YQ-Djg [3]kmlonMlqpsr�tvu8wXx�y5z5{�|~}
lo��l���z5��u�w�xS� �
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and

T
, whichplaystherole of theheatcapacity, is apositiveconstant.In thelimit of

smallgroupwidths, KM@ (�a�biced O * @�_ 0 Q-Djg d�� @�O �f�@ Q���; 34343 g 9 [4]

where
� @ (`d�* @�O * @�_ 0 g�QfD . Themesh� * @e� is assumedto besufficiently broadsothatfor

all relevant D , *v0$� D � *87�9
which implies 7V@XW 0 KM@ ( = 3 [5]

To beprecise,thebroadnessrequirementof themesh� * @4� is=�Q G�7P� =-Q * ]7 �+'�3
Thus,evenif wehadenergy at

*���*87
, it is irrelevantfor our purposessincethathigh

frequency radiationwouldnotbeabsorbedby thematter;thus,doesnot interactwith the
model.

Although(1)–(2)arein nondimensionalform, to avoid confusion,wenotethat ?$@ is
theanalogueof theradiationenergy densityperfrequency multipliedby thegroupwidth.
Hence,� @ ?$@ representstheradiationenergy density.

In this paper, in orderto obtaina tractablelinearsystem,weassumethatthe
temperatureusedto defineKM@ , see(3), is setto aconstantvalue D , . Thatis,KM@ ( Kv@ d D , g 3
Therestrictiononlyappliesto (3).1. Thesystemof interest,(1)–(2),consistsof &�;>=
evolutionequations,& equationsfor the ?$@ andonefor D .

At this point, it is worthwhileto discusstheimplicationof thelinearization.Thatis, to
comparethedifferencebetweenusing(3) asit standsor using D , to defineKv@ . For a
sufficiently fine frequency grid, (4) impliesthatin theoriginal (nonlinear)H&S model,
radiationis emittedinto the

A��o�
groupat therate

a�b�ced O * @CQfDhg d�* @�O * @I_ 0 g . In our
linearizedsystem,radiationis emittedat therateKM@ d D , g�D . If D � D , throughoutthe
simulation,theemissionis approximatelythesame;hence,soaresolutionsto thelinear
andnonlinearsystems.Thedifferencebetweenthelinearandnonlinearsystemsis
illustratedin Fig. 1 whereweplot Kv@ for variousD . For example,assumethatin aproblemD rangesfrom 0.1to 10.0,but weuseD ( = to defineKM@ . Thusour linearizedmodel,
whenit convertsmatterenergy into theradiationfield, preferentiallyputsit into groups
35–55ratherthangroups15–30whereD ��'i3 = andgroups60–80whereD � = ' .

Theadvantageof thelinearizedequationsis thatwecanobtainsolutionsin closed
form. Our approachfollows thatof SuandOlson[3] and[4]. Theproblemis attacked
usingFouriertransformsin spaceandLaplacetransformsin time. For a function � d��s9X� g , if �-¡C¢ £ 3(�¤¦¥, § �i¨ _�£ F ¤¦¥_ ¥ § � � d©�s9X� g ¨Yª ¡ H 9 d�«¬(® O¯=-g

1It alsoappliesto (4) wherenow °²±e³L´oµ�±s¶·µX±¹¸vº�»�¼¾½1¿kmlonMlqpsr�tvu8wXx�y5z5{�|~}
lo��l���z5��u�w�xS� À
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Fig.1. Emissioncoefficient Kv@ vs.
A

for variousD . Frequency width:
*v0$( = ' _ ] , * @XÁ 0 O * @ (= 3 = dv* @#O * @�_ 0 g .

definesthetransformof � , (1)–(2)transformintoO  ?$@Â¢ ¡$;ÄÃ  ?$@Â¢ ¡C¢ £ ( OhÅ �NG @  ?$@Â¢ ¡�¢ £Æ;ÇKM@  DÈ¡C¢ £¬O  ?$@¹¢ ¡C¢ £ÉQ G @
;  %S@Â¢ ¡C¢ £O T  DÆ¡�; T Ã  DÆ¡�¢ £ ( O  DÆ¡C¢ £Æ; 7V@�W 0  ?$@¹¢ ¡C¢ £¹Q G @J;  %[Z^¢ ¡C¢ £ 9
where

 ?$@¹¢ ¡ and
 DÆ¡ , theharmonicsof theinitial conditions,donotdependon Ã .

Rearrangingtermsandcombiningtheinitial conditionswith thesourcesyieldsthe
transformedlinearsystem ?$@Â¢ ¡C¢ £^Q d�G @SÊ8@Â¢ ¡C¢ £ÉgJOmKv@  DÈ¡C¢ £ (  Ë @Â¢ ¡�¢ £ dÌA·( = 9�34343�9 &:g 9 [6]O 7V@XW 0  ?$@Â¢ ¡�¢ £¹Q G @
; d =#; T Ã-g  DÆ¡�¢ £ (  Ë Z^¢ ¡C¢ £ 9 [7]

where Ê�@¹¢ ¡C¢ £ ( =-Q d =�;ÄÃ G @J;ÍÅ � G �@ g [8]

and  Ë @¹¢ ¡C¢ £ (  ?$@¹¢ ¡$;  %S@Â¢ ¡�¢ £ 9  Ë Z�¢ ¡�¢ £ ( T  DÆ¡�;  %[Z�¢ ¡�¢ £ 3
Theexplicit sourcesplay thesameroleastheinitial conditions.

Thesystem(6)–(7)canbesolvedexplicitly.2 Weobtain DÈ¡C¢ £ ( =§ ¡C¢ £ÏÎ  Ë Z^¢ ¡C¢ £[; 7VÐ W 0 Ê Ð ¢ ¡�¢ £  Ë Ð ¢ ¡�¢ £MÑ [9]

2Solve (6) for ÒÓ ±�Ô ÕXÔ Ö andsubstitutetheresultinto (7). Solving for Ò½ ÕXÔ Ö yields(9); substitutingtheresult
into (6) yields(10).kmlonMlqpsr�tvu8wXx�y5z5{�|~}
lo��l���z5��u�w�xS� ×
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where § ¡C¢ £ ( =�; T Ã"O 7V@XW 0 KM@NÊ�@¹¢ ¡C¢ £ ( T Ã#;
7V@�W 0 Kv@ d Ã G @
;ÄÅ � G �@ g=#;ÄÃ G @J;ÍÅ � G �@ 3 [11]

Thelastequalityis dueto thedefinitionof Ê8@Â¢ ¡�¢ £ and(5).

Oncetheharmonicsarecomputed,thesolutionis givenvia theinversetransform� d��s9X� g ( =�-Ø « ¤¦Ù Á ª ¥Ù _ ª ¥ § Ã ¨ £ F¯Ú =�fØ ¤ Á ¥_ ¥ § Å  �f¡C¢ £ ¨ _ ª ¡ H�Û 9
with Ü takento theright of all thesingularitiesin thecomplex Ã –plane.

In thefollowing sectionsweconsidertwo problems.Both areinitialized with?$@1Ý F W ,�(�'
andwediscardexplicit radiationsources,i.e.,weset %S@ (>' . In thefirst

problem,%[Z (�' andwe initialize D with a localizedprofile. In thesecondproblem,
initially D (�' , but we injectapulseof localizedenergy into thematter. First wederive
theanalyticalsolutions,givenasintegralsover theharmonics.In thelattersections,we
presentnumericalresults,whichweobtainby quadratures.

2. Initially localized matter energy
We consideraproblemwithout sources,but with aninitial conditionconsistingof

matterenergy localizedin theregion Ý � Ý^Þ �N, . Let Ý � Ý .�ß definethedomainandimpose
theboundaryconditions, àÌáoâH�ã"ä ¥ d ?$@ 9 Dhg (�'�3
For theinitial condition,let?$@1Ý F W ,�( %[Z ( %S@ (�' dåA·( = 9�34343Y9 &:g 9çæ8è�é

D d�� g�Ý F W ,�(�êPd©� ; �N, gJO êPd�� O �N, g 9
where

ê
is theHeavisidefunction.This impliesthatthetotal energy isë d�� g 3( ¤ Á ¥_ ¥ § �íìî T DP; 7V@�W 0 ?$@Iïð ( ¤ Á ¥_ ¥ § � T D d©� g-Ý F W ,2( � T �N,s3 [12]

It follows thatonly thetransformof D d�� g�Ý F W , , DÆ¡ ( �òñ á è[d Å �N, g�Q1Å 9
contributesto thesolution.Theharmonicsaregivenby DÆ¡�¢ £ (  Ë Z^¢ ¡C¢ £ÂQ § ¡C¢ £ 9 [13] ?$@Â¢ ¡C¢ £ ( KM@ G @SÊ8@Â¢ ¡C¢ £  Ë Z^¢ ¡C¢ £ÂQ § ¡C¢ £ 9 [14]kmlonMlqpsr�tvu8wXx�y5z5{�|~}
lo��l���z5��u�w�xS� ó
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where  Ë Z^¢ ¡C¢ £ ( T  DÈ¡ ( � T ñ á èsd Å �N, gXQ1Å 3

In closedform,D d��s9X� g ( T�fØ � « ¤ôÙ Á ª ¥Ù _ ª ¥ § Ã ¨ £ F Î ¤ Á ¥_ ¥ § Å ¨ _ ª ¡ H ñ á è[d Å �N, gÅ =§ ¡C¢ £ Ñ 9 [15]

where § ¡C¢ £ is definedin (11). We let Ã ( Üh; «�õ with Ü ��' andexpand(15) into realand
imaginaryparts.3 After deletingoddtermswhich areintegratedfrom O ß to

ß
, we

reduce(15) to D d©�s9X� g ( � T ¨ Ù FØ � ¤ ¥, § Å÷öCø1ñ d Å � g ñ á èsd Å �N, gÅ ù¤ ¥, § õ:úÂû·ü¡C¢ ý öCø1ñ d�õ$� g[; õ�þ#ü¡C¢ ý ñ á è�d©õ$� g¹ÿ 9 [16]

where û ü ¡�¢ ý ( û ¡C¢ ýû �¡�¢ ý ; õ � þ �¡C¢ ý 9 þ ü¡C¢ ý ( þ ¡�¢ ýû �¡C¢ ý ; õ � þ �¡C¢ ý 9 [17]û ¡C¢ ý ( T Üh;/=qO 7V@XW 0 KM@ � @Â¢ ¡C¢ ý 9 þ ¡C¢ ý ( T ; 7V@XW 0 KM@���@Â¢ ¡C¢ ý 9 [18]� @Â¢ ¡C¢ ý ( Ê8@Â¢ ¡�¢ Ù=#; õ � G �@ Ê �@Â¢ ¡C¢ Ù 9#æ�è�é �2@¹¢ ¡C¢ ý ( G @NÊ �@¹¢ ¡C¢ Ù=#; õ � G �@ Ê �@¹¢ ¡C¢ Ù 9 [19]

whereÊ8@Â¢ ¡�¢ Ù is definedin (8); notethatin (19), Ü replacesÃ in thesubscript.Theformula
for

û ¡C¢ ý suffersfrom numericalcancellationwhen Å , õ and Ü aresmall.Using(5),
û ¡C¢ ý

maybewritten in theequivalentbut numericallystableformû ¡C¢ ý ( T Üh; 7V@�W 0 Kv@ G @ d Ü�;ÍÅ � G @�g�Ê�@¹¢ ¡C¢ Ù ; õ � G @¾Ê �@¹¢ ¡C¢ Ù=#; õ � G �@ Ê �@Â¢ ¡C¢ Ù 3
Theenergies ?$@ areobtainedby recallingthedistinctionbetweentheharmonics—

see(13), (14). Wefind?$@ d��s9X� g ( Kv@ G @ � T ¨ Ù FØ � ¤ ¥, § Å÷öCø1ñ d Å � g ñ á è�d Å �N, gÅ ù¤�¥, § õmú�û ü ü@Â¢ ¡C¢ ý öCø1ñ d�õ$� g�; õ¦þ ü ü@Â¢ ¡C¢ ý ñ á èsd�õ$� g¹ÿ 9 [20]

where û ü ü@Â¢ ¡C¢ ý ( û ü ¡�¢ ý � @Â¢ ¡C¢ ý¯O õ � þ ü¡C¢ ý �2@Â¢ ¡�¢ ý 9þ�ü ü@Â¢ ¡�¢ ý ( û·ü¡�¢ ý ��@Â¢ ¡C¢ ýj; þ�ü¡C¢ ý � @Â¢ ¡C¢ ý 9
3We cannottake � ³�� since � ÕXÔ Ö in our inner integrandproducesa simplepoleat �"³	� when 
¯³�� .

Thedenominatorsof �� ÕXÔ � and ��ÕXÔ � arenonnegativefor ����� , sothis is theonly singularityin theright half� -plane.kmlonMlqpsr�tvu8wXx�y5z5{�|~}
lo��l���z5��u�w�xS� �
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and

û ü ¡C¢ ý , � @Â¢ ¡C¢ ý , etc.aredefinedin (17)–(19).

3. Explicit matter energy source
We now consideraproblemwhich simulatesthedecayof anexplicit source.As

before,let Ý � Ý ./ß definethedomain.Assumethatinitially boththematterandradiation
field arecoldandtheradiationsourceis zero,i.e.,DôÝ F W ,�( ?$@1Ý F W ,�( %S@ (�' dÌA ( = 9�34343C9 &mg 3
And, into thematter, for

'ô.Ä��.Í�¹,
and Ý � Ý .U�N, ,%[Z ( %[Z d��s9X� g (�ú êPd©� gJO êPd�� O �¹, gÉÿ ú êíd�� ; �N, gJO êPd©� O �N, gÉÿ 9

where
ê

is theHeavisidefunction.Thus,thetotal energy isë d�� g 3( ¤ Á ¥_ ¥ § �íìî T DR; 7V@�W 0 ?$@Iïð( ¤ F, §�� ¤ Á H��_ H�� § � %[Z d��s9 � g ( � �N, â�á è[d8��9��¹, g 3 [21]

With theseconditions,only thetransformof thesource%[Z , Ë Z�¢ ¡�¢ £ ( � d =�O ¨ _�£ F�� giñ á èsd Å �N, gXQ1ÅiÃ 9
contributesto thesolutionandtheharmonicsaregivenby (13)and(14).

In closedform, D d��s9X� g is givenby adoubleintegralsimilar to (15),viz.,D d©�s9X� g (=�fØ � « ¤¦Ù Á ª ¥Ù _ ª ¥ § Ã ¨ £ F d ="O ¨ _�£ F�� gÃ Î ¤ Á ¥_ ¥ § Å ¨ _ ª ¡ H ñ á èsd Å �N, gÅ =§ ¡C¢ £ Ñ 9 [22]

where § ¡C¢ £ is definedin (11).

As in theprevioussection,we let Ã ( Üh; «�õ with Ü ��' andexpand(22) into realand
imaginaryparts.4 Proceedingasbefore,we reduce(22) toD d©�s9X� g ( � ¨ Ù FØ � ¤¦¥, § Å�öYø1ñ d Å � g ñ á èsd Å �N, gÅ ù¤�¥, § õ:úåd©õ�� ORÜ��¯g û ü¡C¢ ý ; õhd Ü � ; õ �¯g þ ü¡C¢ ý ÿ�Q d Ü � ; õ � g 9 [23]

where
û ü ¡�¢ ý and

þ ü¡C¢ ý aredefinedin (17),and� ( ñ á è�d©õ$� gJO ¨ _ Ù F�� ñ á èsd©õmd�� O �¹, g�g 9� ( ¨ _ Ù F � öCø1ñ d©õ:d©�¹, O � g�gJOPöYø1ñ d©õ$� g 3
4This time thereis a doublepole at � ³�� when 
 ³�� , andit is the only singularity in the right half� -plane.kmlonMlqpsr�tvu8wXx�y5z5{�|~}
lo��l���z5��u�w�xS� �
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Theexpressionfor ?$@ is obtainedasin theprevioussection.Wefind,

?$@ d��s9X� g ( Kv@ G @ � ¨ Ù FØ � ¤ ¥, § Å�öYø1ñ d Å � g ñ á èsd Å �N, gÅ ù¤¦¥, § õmúåd©õ�� ORÜ �¯g û ü ü@Â¢ ¡C¢ ý ; õhd Ü � ; õ �¯g þ ü ü@Â¢ ¡C¢ ý ÿ�Q d Ü � ; õ � g 3 [24]

4. Evaluation of integrals
In this sectionwemakea few remarksaboutthehow to evaluatetheintegralsthat

definethefunctionsD and ?$@ . First,we list desirablepropertiesof aquadraturemethod.
Weassumesmoothintegrands.! Most importantly, sinceour integralsinvolve trigonometricfunctions,aquadrature

methodtailoredto Fourierintegralsis moreefficient (andaccurate)thanone
designedto handle“arbitrary” integrandsover infinite intervals.! Themethodshouldbeof highorder. Let K betheorderof accuracy of the
quadraturemethod.If anerrortolerance

�
is specified,thenin onedimensionthe

work requiredis proportionalto
� _ 0#"%$ . But in two dimensionsit is proportionalto� _ � "%$ . In practice,highorderis achievedby usinglow ordermethodsandapplying

someform of Richardsonextrapolation.! Themethodshouldbeadaptive. Sincethechiefexpensein mostmethodsis the
evaluationof theintegrands,onewantsto evaluatethemonly whereneeded.For
integratingover infinite intervals,anaddedbenefitof adaptivity is thattheprocess
automaticallydecideswhereto cutoff theinfinite tails. Withoutadaptivity, some
methodmustbedevisedto estimatetheerrorcommittedwhenreplacinganinfinite
by a finite interval.! Themethodshouldsupplya (global)errorestimatefor theresult.Oneneedsto
know whethertheansweris accurateto two digitsor seven. It is easyto obtainsuch
estimateswhenRichardsonextrapolationis used;thestartingpoint is to notethat
thedifferencebetweenthehighandlow orderapproximationprovidesaglobalerror
estimatefor thelow orderapproximation.(This is alsohow anadaptivemethod
decideswhereto adapt.)

TheQuadpack[5] routinedqawfe satisfiesthesecriteria.Romberg’smethod
(trapezoidrule plusrepeatedRichardsonextrapolation)satisfiesonly thesecondcriterion;
while Simpson’s rule satisfiesnone.Theratioof computingtimes(for thesameaccuracy)
of Simpson’s rule or Romberg’smethodto anappropriateuse(describedbelow) of
dqawfe caneasilybemorethanonethousandto one.

Theroutinedqawfe computesFourierintegrals,of theform¤ ¥& � d�õ g ' öCø1ñ d©õ$� gñ á è�d�õ$� g)( § õq9kmlonMlqpsr�tvu8wXx�y5z5{�|~}
lo��l���z5��u�w�xS� *
UNCLASSIFIED



UNCLASSIFIED�������������
	���
���������������������  "!#!$ 
where + is finite. In principle,thefunction � canbearbitrary, but in practice,themost
accurate5 andefficient resultsareobtainedwhentheoscillatorybehavior is confinedto the
trigonometricfunction,i.e.,when � is non-oscillatory. Theouterintegralsof the
expressionsfor thetemperatureD andradiationenergy densities?$@ do notsatisfythis
condition,but areeasilyrewritten to doso. In theouterintegrandsof (16), (20), (23),and
(24)weuseaproductformulafor trigonometricfunctionsto replaceöYø1ñ d Å � giñ á èsd Å �N, g byú ñ á è[d Å d©�N, ; � gXgs;Uñ á è�d Å d��N, O � gXg�ÿ�Q1� 3
Eachouterintegral is now expressedasthesumof two integrals,eachof which is in the
desirableform.

In summary, for eachproblem(andfor boththetemperatureandradiationenergy
density),wecall dqawfe twice to evaluatetheouterintegral. For thefirst problem(for
either D or ?$@ ), eachoutercall of dqawfe resultsin two (recursive)callsof itself to
evaluatetheinnerintegrals.For thesecondproblem,eachoutercall of dqawfe resultsin
four recursivecallsto evaluatetheinnerintegrals.

Quadpackdoesnotsupportrecursionsinceit waswritten in Fortran77. We
circumventthedifficulty by usingFortran90 andin everyQuadpackroutinethatwecall,
we replacethekeywordsubroutine with recursive subroutine.

5. Numerical results
In this sectionweexhibit two setsof results.First,wedisplaythesolutionsas

functionsof
�

at various
�
. Then,weexamineconvergenceof thesolutionsasthenumber

of groupsis increased.Third, we show thetemporalevolutionof thesolutionsat afixed
spatialpoint.

We fix theextentof thesources,by setting
�N,2( =�Q1� and

�¹,�( = . Wesetthelargest
numberof groupsas & (-,/.

andspecifythefinestfrequency grid asageometric
progression * @�Á 0 O * @ (-0�dv* @#O * @�_ 0 g dåA·( = 9�34343Y9 & O�=-g 9
where

0 ( = 3 = and
*v0ò( = ' _21 . Coarserfrequency gridsareconstructedfrom thefinest

grid. For simulationsusing & (
2, 4, 8, 16,32groups,thecoarsegrid boundariesare

givenby *-,�./*43 1 "�7 .6* �65 3 1 "�7 .879797�.6* 7 5 3 1 "�7 3
Thecubeof the“representative frequency”

G @ is definedas
G¬0ò(`d�*v0 Q1�1g ] , andG @ (�d�* @ * @�_ 0 g ] " � for

A·( � , 343Y3 , & . Theemissioncoefficient KM@ is computedusingD ,2(�'�3 = , andthe“specificheat”
T

is setto unity.

We referto theinitially localizedmatterenergy problemdiscussedin section2 as
Problem1 andto theexplicit mattersourceproblem(section3) asProblem2. Thetwo
problemshavesimilar results,especiallyfor latetimes,which is not surprising.For the

5Whentheintegrandis not in thedesirableform, theintegratorfrequentlyreturnserror indicators,of the
type“The integral is divergentor slowly convergent”or “The requestedaccuracy hasnotbeenachieved”, but
doesnot do sowhenthedesirableform is used.kmlonMlqpsr�tvu8wXx�y5z5{�|~}
lo��l���z5��u�w�xS� :

UNCLASSIFIED



UNCLASSIFIED�������������
	���
���������������������  "!#!$ 

0.00 0.50 1.00

0.00

0.50

1.00 A A A

A A A

B B B

B B B

C C

C C C C

D
D

D

D D D

E
E

E

E E E

x
Fig. 2:  Initially localized matter energy, 64 groups
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Fig. 2. Problem1. D vs.
�

at
�2(�'i3 ��; (curve A), 1.0 (B), 2.0 (C), 10.0(D), and20.0(E);& (-,/.

parameterschosenandfor
��<6�¹,

, bothproblemscontainthesameenergy, cf. (12)and
(21). Furthermore,in bothproblems,theinitial energy is put into D in effectively thesame
position.Only in earlytimes,shouldweexpectmuchdifferencesincein Problem2 the
energy is continuouslysourcedfor

� Þ �¹, .
Figures2 and3 display D and

ë>= d�( � @ ?$@�g vs.
�

at varioustimesfor thecaseusing& (-,/.
groupsfor Problem1. Figures4 and5 arethecorrespondingplotsfor Problem2.

As expected,for larger
�
, theprofilesaremorediffuse.Althoughevenfor

�$( � ' , very
little energy hasbeentransportedbeyond

�÷( = . As previouslymentioned,thebiggest
differencebetweenProblems1 and2 is at

�$(>'i3 �/; (cf. curvesA). Comparingthe
magnitudesof D d�� = 3 ' g and

ë?= d�� = 3 ' g showsthatmostof theenergy is containedin the
matter, at leastup to

�$( � ' .
Next, we focusattentionat

�ò( � (theapproximatetimewhenthefieldsattaintheir
maximummagnitude)andexaminehow theresultsconvergeasthenumberof groups& is
increased.In orderto demonstrateconvergence,weconcentrateon thedomain

� Þ 'i3 ;
andlimit theordinate’s rangeto magnifythedistinctionfor & <@.

. Figures6 and7
display D and

ë?=
for Problem1 while Figs.8 and9 pertainto Problem2. Secondorder

convergenceis evident.The & ( � result(curveA, evidentonly in Figs.7 and9) is
clearlysignificantlydifferentfrom thecorrectmultifrequency result, & (-,/.
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Fig. 3:  Initially localized matter energy, 64 groups

A - E:  time 0.25, 1, 2, 10, 20

sum_j w_j

Fig. 3. Problem1.
ë>=

vs.
�

at
��( 'i3 ��; (A), 1.0 (B), 2.0 (C), 10.0 (D), and20.0 (E);& (-,/.
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Fig. 4:  Explicit matter energy source, 64 groups

A - E:  times 0.25, 1, 2, 10, 20
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Fig. 4. Problem2. D vs.
�

at
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Fig. 5:  Explicit matter energy source, 64 groups

A - E:  times 0.25, 1, 2, 10, 20

Fig. 5. Problem2.
ë>=

vs.
�

at
��( 'i3 ��; (A), 1.0 (B), 2.0 (C), 10.0 (D), and20.0 (E);& (-,/.
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Fig. 6:  Initially localized matter energy, time = 2
Convergence:  B - F:  4, 8, 16, 32, 64 groups

Fig. 6. Problem1. D vs.
�
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(curve B), 8 (C), 16 (D), 32 (E), and64 (F)
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Fig. 7:  Initially localized matter energy, time = 2, blowup

Convergence:  A - F:  2, 4, 8, 16, 32, 64 groups

Fig. 7. Problem1.
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vs.
�
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Fig. 8:  Explicit matter energy source, time = 2, blowup

Convergence:  B - F:  4, 8, 16, 32, 64 groups
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Fig. 8. Problem2. D vs.
�

at
�$( � for & (D.

(B), 8 (C), 16 (D), 32 (E), and64 (F) groups
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Fig. 9:  Explicit matter energy source, time = 2, blowup
Convergence:  A - F:  2, 4, 8, 16, 32, 64 groups

Fig. 9. Problem2.
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6. Summary

Wehavepresentedanexactsolutionfor a linearizationof amodel,theH&S equations,
simulatingmultigroupradiationdiffusion.Themodelcapturesthesalienteffectsof the
physicalequations,viz., anidealgasequationof stateandopacitiesvaryingastheinverse
cubeof thefrequency [1]. For easeof analysis,themodelassumesthattheradiation
emissionfunctionis givenby aWien(ratherthanaPlanck)distribution. Thisdistinctionis
not significant;only for low frequenciesis therea significantdifferencebetweenthetwo.

TheH&S equationarenonlinear. Our linearizationis equivalentto linearizingthe
emissionfunctionabouta fixedtemperatureD , . Althoughthis is grosssimplification,the
linearizedsystemretainssalientaspectsof multifrequency diffusion:high (low) free
frequency radiationdiffusesquickly (slowly) andabsorbspoorly (well).

To conclude,weanalyzetheemissionandabsorptiontermsof theH&S modelin order
to shedlight on theeffectsof usingaWien ratherthanaPlanckdistribution. In (1), these
termsare, KM@ND6OP?$@�Q G @ 3
Recallingthedefinitions,thecouplingtermsfor the

A
th grouprepresent¤IHKJHKJML/N § * d1¨ _ H " Z O	OÈQ * ] g 9

whereO is thespectralenergy density. If theexponentialis multiplied by
*�] Q *�] , the

couplingtermbecomes ¤IHKJHKJMLPN § * d =�Q * ] g dv* ] ¨ _ H " Z O�O g 9
andtheWien distribution is obvious.UsingaWiendistributionbringsa twofold
advantage.First, it maybeintegratedexactlyoverany frequency width. Second,if the
emissiontermis integratedoverall frequencies,oneobtains,¤�¥, § * d =-Q * ] g dv* ] ¨ _ H " Z g ( D ( d =�Q , D ] g d#, D 1 g 3
Theresultmaybeinterpretedastheproductof the“Planckaveraged”opacity

d =�Q , D ] g
timestheintegratedemissionfunction

, D 1 . Notethatthefactor6 approximately8%less
thantheequivalentfactor Ø 1 Q^=4; of thenormalizedPlanckfunction.Lastly, wenotethat
for anopacitymodelwhich is proportionalto

* _ ] , thecorrespondingaveragefor the
Planckfunctiondoesnotexist; theintegraldiverges.
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